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Abstract
A time-harmonic plane electromagnetic wave is scattered by a chiral body in a chiral environment.
The body is either a perfect conductor, or a dielectric, or a scatterer with an impedance surface. Using
the Huygens’s principle, we construct in closed forms both the left-circularly polarized and right-
circularly polarized electric far field patterns for such chiral media. We prove reciprocity relations
and general scattering theorems for chiral materials which are a generalization of those obtained by
Twersky for achiral electromagnetic scattering. In the special case when the directions of incidence
and observation are the same we prove the associated forward scattering theorems.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In this work we study the far field patterns corresponding to the scattering of time-
harmonic plane electromagnetic waves by a homogeneous chiral obstacle surrounded by an
infinite homogeneous isotropic chiral medium. In particular, we prove reciprocity, generalE-mail address: cathan@math.uoa.gr.
0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
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either a dielectric (penetrable scatterer) or a perfect conductor (impenetrable scatterer) or
a scatterer with an impedance surface. For all three problems we construct in closed forms
the far field patterns.
In a homogeneous isotropic chiral medium the electromagnetic fields are composed of
left-circularly polarized (LCP) and right-circularly polarized (RCP) components, which
have different wave numbers and independent directions of propagation. When either an
LCP or an RCP (or a linear combination of LCP and RCP) electromagnetic wave is in-
cident upon a chiral scatterer then the scattered field is composed of both LCP and RCP
components. Hence, both LCP and RCP far field patterns are derived. For details on the
properties of the chiral media we refer to the books [12,15].
Scattering relations for a chiral scatterer in an achiral environment have been proved
in [3]. For plane-wave scattering from an achiral object in a chiral environment we refer
to [16]. Lakhtakia in [13,14] and in his book [15] has proved reciprocity and optical theo-
rems for a chiral scatterer in a chiral environment, extending the corresponding results for
the achiral case obtained by de Hoop [8,9]. In [1], [2] and [5] there exist various scattering
relations for acoustic, electromagnetic and elastic waves, respectively. Some details about
optical theorems for electromagnetic scattering in achiral media can be found in [10,11].
In [6] Dassios et al. have proved the most general scattering theorems for complete dyadic
fields, with two different wave numbers but the same direction of propagation. In this paper
we prove for chiral materials a general scattering theorem, in the sense of Kleinman and
Dassios [7].
In Section 2, decoupling of electric and magnetic fields in equations and boundary con-
ditions, we formulate three electric scattering problems for which the far field patterns
will be studied. In Section 3, the LCP and RCP electric far field patterns are defined via
the asymptotic behavior of the scattered electric field. Using the Huygens’s principle we
construct in closed forms the electric far field patterns. In Section 4, we prove general scat-
tering theorems which are a generalization of those obtained by Twersky in [18] for achiral
electromagnetic scattering. These theorems are useful in determining low frequency expan-
sions of the far field patterns [7] and in studying the spectrum of the far field operator [1–3].
Also we prove various reciprocity relations. In Section 5, we consider either LCP or RCP
incidence. Specializing to the same direction of incidence and observation in the general
scattering theorems we obtain closed form expressions for the scattering cross sections in
terms of the forward LCP or RCP far field pattern. Finally, in Section 6 we recover as spe-
cial cases, the basic scattering relations for electromagnetic waves in an achiral medium,
while in Section 7 we conclude to some interesting comments.
2. Formulation
Let Ω− be a bounded and closed subset of R3 having a C2-boundary S. The set Ω−
will be referred to as the scatterer. The exterior Ω of the scatterer is an infinite homoge-
neous isotropic chiral medium with electric permittivity ε magnetic permeability µ and
chirality measure β . The scatterer is filled with a homogeneous isotropic chiral medium
with corresponding physical parameters ε−, µ− and β−. All the physical parameters are
assumed to be real positive constants.
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Ω− and (Es ,Hs) be the corresponding scattered field. Then the total electromagnetic field
(Et ,Ht ) in Ω is given by
Et = Ei + Es , Ht = Hi + Hs in Ω. (2.1)
We assume that the scattered field satisfies the Silver–Müller radiation condition
Es(r) + ηrˆ × Hs(r) = o
(
1
r
)
, r → ∞, (2.2)
uniformly in all directions, rˆ ∈ S2, where S2 is the unit sphere in R3, rˆ = r/r , r = |r| and
η = (µ/ε)1/2 is the intrinsic impedance of the chiral medium in Ω . In view of the Drude–
Born–Fedorov constitutive relations [15], the total exterior electromagnetic field satisfies
in the source-free region Ω the modified Maxwell equations
∇ × Et = βγ 2Et + iωµ
(
γ
κ
)2
Ht in Ω, (2.3)
∇ × Ht = βγ 2Ht − iωε
(
γ
κ
)2
Et in Ω, (2.4)
where ω is the angular frequency and
κ2 = ω2εµ, γ 2 = κ2(1 − β2κ2)−1, (2.5)
with |βκ| < 1 [15, p. 87].
We note that Et and Ht are divergence-free fields. In addition, κ is not a wave number,
but it is a shorthand notation without any particular physical significance. The incident field
(Ei ,Hi ) satisfies Eqs. (2.3), (2.4) and hence the scattered field also satisfies (2.3), (2.4).
In order to prove electromagnetic scattering theorems in a chiral medium, it is more
convenient to consider the decoupling of electric and magnetic field in the system (2.2)–
(2.4), by eliminating the magnetic field. The vector equation thus arising is
∇ × ∇ × Et − 2βγ 2∇ × Et − γ 2Et = 0 in Ω. (2.6)
The Silver–Müller radiation condition is modified as follows:
rˆ × ∇ × Es(r) − βγ 2rˆ × Es(r) + i γ
2
κ
Es(r) = o
(
1
r
)
, r → ∞, (2.7)
uniformly in all directions rˆ ∈ S2. When the scatterer is impenetrable, i.e., no fields exist
in Ω−, one of the following boundary conditions will be imposed on the total field on S.
Perfectly conducting surface:
nˆ × Et (r) = 0, r ∈ S. (2.8)
Impedance surface:
nˆ × ∇ × Et (r) = βγ 2nˆ × Et (r) − iγ
2
κzs
nˆ × (nˆ × Et (r)), r ∈ S, (2.9)
where zs is a complex function on S which denotes the surface impedance of the scat-
terer and nˆ is the outward normal unit vector on S. When the scatterer is a dielectric, i.e.,
penetrable, we have
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nˆ × Et (r) = nˆ × E−(r), r ∈ S, (2.10)
nˆ × ∇ × Et (r) = ε
−
ε
(
γ
γ−
)2
nˆ × ∇ × E−(r) + γ 2
(
β − ε
−
ε
β−
)
nˆ × E−(r),
r ∈ S, (2.11)
where
κ− = ω(ε−µ−)1/2, γ− = κ−(1 − (β−κ−)2)−1/2 (2.12)
and E− is the electric field in the interior of the scatterer satisfying the equation
∇ × ∇ × E−(r) − 2β−(γ−)2∇ × E−(r) − (γ−)2E−(r) = 0 in Ω−. (2.13)
3. Far field patterns
A time-harmonic electromagnetic plane wave propagating in a homogeneous chiral
medium is, in general, a linear combination of a left-circularly polarized (LCP) plane wave
and a right-circularly polarized (RCP) plane wave [15]. In particular, for the electric wave
Ei (r) we have
Ei (r) = EiL(r; dˆL,pL) + EiR(r; dˆR,pR), (3.1)
where
EiL(r; dˆL,pL) = pLeiγLdˆL·r (3.2)
is an LCP plane electric wave and
EiR(r; dˆR,pR) = pReiγR dˆR ·r (3.3)
is an RCP plane electric wave. The unit vectors dˆL, dˆR ∈ S2 describe the directions of
propagation and the complex vectors pL,pR give the polarizations of the LCP and RCP
plane electric wave, respectively. The real wave numbers γL and γR are given by
γL = κ1 − κβ , γR =
κ
1 + κβ (3.4)
and satisfy the relations [15]
γL − γR = 2βγ 2, γLγR = γ 2. (3.5)
The electric wave Ei is incident upon the scatterer Ω− and the scattered electric field
Es is derived. The asymptotic behavior of Es has been studied by Lakhtakia et al. via the
Beltrami fields (see [12,15]). Here we define the LCP and RCP electric far field patterns
using the Huygens’s principle for chiral media [12].
Theorem 3.1. Let Es ∈ C2(Ω) ∩ C1(Ω) be a solution of (2.6) satisfying the radiation
condition (2.7). Then Es has the asymptotic form
s e e
(
1
)E (r) = h(γLr)gL(rˆ) + h(γRr)gR(rˆ) + O r2 , r → ∞, (3.6)
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Hankel function of the first kind. The vector fields geL and geR are the electric LCP far field
pattern and RCP far field pattern, respectively. They are given by
geL(rˆ) =
iκγL
8πγ 2
K˜L(rˆ) ·
∫
S
nˆ × [γL∇ × Es(r′) + γ 2Es(r′)]e−iγLrˆ·r′ ds(r′), (3.7)
geR(rˆ) =
iκγR
8πγ 2
K˜R(rˆ) ·
∫
S
nˆ × [γR∇ × Es(r′) − γ 2Es(r′)]e−iγR rˆ·r′ds(r′) (3.8)
and satisfy
rˆ · geL(rˆ) = rˆ · geR(rˆ) = 0, (3.9)
rˆ × geL(rˆ) = −igeL(rˆ), rˆ × geR(rˆ) = igeR(rˆ). (3.10)
The dyadics K˜L(rˆ) and K˜R(rˆ) are given by
K˜L(rˆ) = I˜ − rˆrˆ + irˆ × I˜ , K˜R(rˆ) = I˜ − rˆrˆ − irˆ × I˜ , (3.11)
where I˜ = xˆxˆ + yˆyˆ + zˆzˆ is the identity dyadic.
Proof. In accordance with the Huygens’s principle for homogeneous chiral media, the
scattered electric field has the following integral representation [12]:
Es(r) = −2βγ 2
∫
S
B˜(r, r′) · [nˆ × Es(r′)]ds(r′)
+
∫
S
{
B˜(r, r′) · [nˆ × (∇ × Es(r′))]
+ [∇r × B˜(r, r′)] · [nˆ × Es(r′)]}ds(r′), (3.12)
where B˜(r, r′) is the infinite medium Green’s dyadic, given by
B˜(r, r′) = B˜L(r, r′) + B˜R(r, r′), (3.13)
where
B˜L(r, r
′) = iκγL
8πγ 2
[
γLI˜ + 1
γL
∇∇ + ∇ × I˜
]
h
(
γL|r − r′|
)
, (3.14)
B˜R(r, r
′) = iκγR
8πγ 2
[
γRI˜ + 1
γR
∇∇ − ∇ × I˜
]
h
(
γR|r − r′|
)
. (3.15)
Using the asymptotic relations
|r − r′| = r − rˆ · r′ + O
(
1
r
)
, r → ∞, (3.16)
r − r′
|r − r′| = rˆ + O
(
1
r
)
, r → ∞, (3.17)in (3.13)–(3.15) we obtain
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2
L
8πγ 2
h(γLr)e
−iγL rˆ·r′K˜L(rˆ) + iκγ
2
R
8πγ 2
h(γRr)e
−iγR rˆ·r′K˜R(rˆ)
+ O
(
1
r2
)
, r → ∞, (3.18)
∇r × B˜(r, r′) = iκγ
3
L
8πγ 2
h(γLr)e
−iγL rˆ·r′K˜L(rˆ) − iκγ
3
R
8πγ 2
h(γRr)e
−iγR rˆ·r′K˜R(rˆ)
+ O
(
1
r2
)
, r → ∞, (3.19)
where the relations
rˆ × K˜L(rˆ) = −iK˜L(rˆ), rˆ × K˜R(rˆ) = iK˜R(rˆ) (3.20)
have been used.
Introducing (3.18) and (3.19) into (3.12) we obtain
geL(rˆ) =
iκγ 2L
8πγ 2
K˜L(rˆ) ·
∫
S
nˆ × [∇ × Es(r′) + (γL − 2βγ 2)Es(r′)]e−iγLrˆ·r′ ds(r′),
(3.21)
geR(rˆ) =
iκγ 2R
8πγ 2
K˜R(rˆ) ·
∫
S
nˆ × [∇ × Es(r′) − (γR + 2βγ 2)Es(r′)]e−iγR rˆ·r′ ds(r′)
(3.22)
and using the relations (3.5) we conclude to (3.7) and (3.8). The formulae (3.9) and (3.10)
result by straightforward calculations taking into account (3.20) and the fact that
rˆ · K˜L(rˆ) = rˆ · K˜R(rˆ) = 0.  (3.23)
Remark 3.1. Setting Es = Et − Ei in the integrals of (3.12), taking into account that Ei
is an entire solution of (2.6) and using again the asymptotic forms (3.18) and (3.19) we
obtain
geL(rˆ) =
iκγL
8πγ 2
K˜L(rˆ) ·
∫
S
nˆ × [γL∇ × Et (r′) + γ 2Et (r′)]e−iγLrˆ·r′ ds(r′), (3.24)
geR(rˆ) =
iκγR
8πγ 2
K˜R(rˆ) ·
∫
S
nˆ × [γR∇ × Et (r′) − γ 2Et (r′)]e−iγR rˆ·r′ ds(r′). (3.25)
Using the expressions (3.24) and (3.25) and applying the boundary conditions (2.8)–(2.11),
we obtain the electric far field patterns for various kinds of scatterers.
Theorem 3.2. The electric far field patterns are given by the formulae
geA(rˆ) =
iκγ 2A
2 K˜A(rˆ) ·
∫
nˆ × ∇ × Et (r′)e−iγA rˆ·r′ ds(r′), A = L,R, (3.26)
8πγ
S
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geA(rˆ) =
iγ 2A
8π
K˜A(rˆ) ·
∫
S
[
nˆ × Et (r′) − i
zs
nˆ × (nˆ × Et (r′))
]
e−iγArˆ·r′ ds(r′),
A = L,R, (3.27)
for an impedance surface and
geA(rˆ) =
iκγ 2A
8π
K˜A(rˆ) ·
∫
Ω−
[
aA∇ × E−(r′) + bAE−(r′)
]
e−iγArˆ·r′ ds(r′),
A = L,R, (3.28)
where
aL = 1
κ
+
(
β− − γL
(γ−)2
)
ε−
ε
, aR = 1
κ
+
(
β− + γR
(γ−)2
)
ε−
ε
, (3.29)
bL = −γL
[
1
κ
−
(
β− + 1
γL
)
ε−
ε
]
, bR = −γR
[
1
κ
−
(
β− − 1
γR
)
ε−
ε
]
, (3.30)
for a dielectric.
Remark 3.2. The scattered magnetic field Hs satisfies Eq. (2.6) and has the integral repre-
sentation (3.12) where Es has been replaced by Hs [12]. Consequently, the magnetic LCP
and RCP far field patterns gmL and g
m
R , respectively, are given by
gmL(rˆ) =
iκγL
8πγ 2
K˜L(rˆ) ·
∫
S
nˆ × [γL∇ × Hs(r′) + γ 2Hs(r′)]e−iγLrˆ·r′ ds(r′), (3.31)
gmR(rˆ) =
iκγR
8πγ 2
K˜R(rˆ) ·
∫
S
nˆ × [γR∇ × Hs(r′) − γ 2Hs(r′)]e−iγR rˆ·r′ ds(r′). (3.32)
Also, gmL and g
m
R satisfy the relations
rˆ · gmL(rˆ) = rˆ · gR(rˆ) = 0, (3.33)
rˆ × gmL(rˆ) = −igmL(rˆ), rˆ × gmR(rˆ) = igmR(rˆ). (3.34)
The magnetic far field patterns are connected with the electric far field patterns via the
following formulae.
Theorem 3.3. In a chiral medium the far field patterns satisfy the relations
geL(rˆ) = iηgmL(rˆ), geR(rˆ) = −iηgmR(rˆ), (3.35)
rˆ × geL(rˆ) = ηgmL(rˆ), rˆ × geR(rˆ) = ηgmR(rˆ), (3.36)
rˆ × gmL(rˆ) = −
1
geL(rˆ), rˆ × gmR(rˆ) = −
1
geR(rˆ). (3.37)η η
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and (2.4) we conclude to (3.35). From (3.10), (3.34) and (3.35) we take (3.36) and
(3.37). 
Remark 3.3. Lakhtakia in [15], using the Bohren transform has derived the asymptotic
form
Es(r) = e
iγLr
r
F1(rˆ) − iη e
iγRr
r
F2(rˆ) + O
(
1
r2
)
, r → ∞, (3.38)
where F1 and F2 are the LCP and RCP Beltrami far field patterns, respectively (see [15,
p. 184]). The electric far field patterns geL and geR given by (3.7) and (3.8) are connected
with F1 and F2 via the relations
geL(rˆ) =
iγL
2
F1(rˆ), geR(rˆ) =
ηγR
2
F2(rˆ). (3.39)
4. Scattering theorems
We consider two time-harmonic plane electric waves
Eij (r) = EiL(r; dˆLj ,pLj ) + EiR(r; dˆRj ,pRj ), j = 1,2, (4.1)
incident upon the scatterer Ω−. EiL(r; dˆLj ,pLj ), j = 1,2, are LCP electric waves given
by (3.2) and EiR(r; dˆRj ,pRj ), j = 1,2, are RCP electric waves given by (3.3). The unit
vectors dˆLj , dˆRj (directions of propagation) are connected to the complex vectors pLj ,pRj
(polarizations) via the relations [15]
pLj · dˆLj = 0, dˆLj × pLj = −ipLj , (4.2)
pRj · dˆRj = 0, dˆRj × pRj = ipRj . (4.3)
The corresponding scattered fields Esj , j = 1,2, satisfy the asymptotic relations
Esj (r) = h(γLr)geLj (rˆ) + h(γRr)geRj (rˆ) + O
(
1
r2
)
, r → ∞, (4.4)
uniformly in all directions rˆ ∈ S2, where geLj (rˆ) and geRj (rˆ) are the LCP and RCP far field
patterns given by (3.7) and (3.8), respectively.
Remark 4.1. The far field patterns are dependent on the directions of propagation and
polarization of the incident plane electric waves. In general, if Eij (r) = EiL(r; dˆLj ,pLj ) +
EiR(r; dˆRj ,pRj ), then we shall indicate this dependence by writing
geLj (rˆ) = geL(rˆ; dˆLj ,pLj ) + geL(rˆ; dˆRj ,pRj ), (4.5)
geRj (rˆ) = geR(rˆ; dˆLj ,pLj ) + geR(rˆ; dˆRj ,pRj ). (4.6)
In particular, when we have LCP incidence, then
geLj (rˆ) = geL(rˆ; dˆLj ,pLj ), geRj (rˆ) = geR(rˆ; dˆLj ,pLj ) (4.7)
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geLj (rˆ) = geL(rˆ; dˆRj ,pRj ), geRj (rˆ) = geR(rˆ; dˆRj ,pRj ). (4.8)
For two vector functions u and v we introduce the notation
IS(u,v) =
∫
S
nˆ · (u × ∇ × v − v × ∇ × u) ds − 2βγ 2
∫
S
nˆ · (u × v) ds, (4.9)
where S is the surface of the scatterer Ω− and nˆ is the outward normal unit vector on S.
In what follows, w denotes the complex conjugation of w. Some relations between IS(·;·)
and the far field patterns are proved in the following lemmas.
Lemma 4.1. Let Ei1,E
i
2 be two plane electric waves incident upon the scatter Ω− and
Es1,E
s
2 be the corresponding scattered fields. Then we have
IS
(
Es1,E
s
2
)= 0, (4.10)
IS
(
Es1,E
s
2
)= 2iγ 2
κ
∫
S2
[
1
γ 2L
geL1(rˆ) · geL2(rˆ) +
1
γ 2R
geR1(rˆ) · geR2(rˆ)
]
ds(rˆ). (4.11)
Proof. We consider a sphere Sr centered at the origin with radius r large enough to include
the scatterer in its interior. The scattered fields Es1, E
s
2 and E
s
1 are regular solutions of (2.6)
in the region exterior to S and interior to the sphere Sr , with r  1. Hence we can use
the vector second Green’s theorem on the first integral and Gauss’ theorem on the second
integral to transform IS(Es1,E
s
2), over the surface S of the scatterer, to ISr (E
s
1,E
s
2) over the
surface of the sphere Sr , i.e.,
IS
(
Es1,E
s
2
)= ISr (Es1,Es2), (4.12)
IS
(
Es1,E
s
2
)= ISr (Es1,Es2). (4.13)
Letting r → ∞, we pass to the radiation zone and thus we can use the asymptotic form
(4.4). Then, in view of the formulae (3.4) and (3.9) we conclude to (4.10). Using again
(3.9) and the relations
geLj (rˆ) · geRj (rˆ) = 0, j = 1,2, (4.14)
we obtain (4.11). 
Lemma 4.2. Under the hypotheses of Lemma 4.1 the following relations are valid:
IS
(
EiA(·; dˆA1,pA1),Es2
)= 4iπγ 2
κγ 2A
pA1 · geA2(−dˆA1), (4.15)
IS
(
EiA(·; dˆA2,pA2),Es1
)= 4iπγ 2
κγ 2A
pA2 · geA1(−dˆA2), (4.16)
(
i ˆ s ) 4iπγ 2 e ˆIS EA(·;dA1,pA1),E2 =
κγ 2A
pA1 · gA2(dA1), (4.17)
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(
Es1,E
i
A(·; dˆA2,pA2)
)= 4iπγ 2
κγ 2A
pA2 · geA1(dˆA2), (4.18)
for A = L,R.
Proof. The above relations result from (3.21) and (3.22) taking into account the formulae
pAj · K˜A(−dˆAj ) = 2pAj , A = L,R, j = 1,2, (4.19)
and the equations
∇ × EiL = γLEiL, ∇ × EiR = −γREiR. (4.20)
Also we use the fact that
EiA(r′;−dˆAj ,pAj ) = EiA(r′; dˆAj ,pAj ), A = L,R, j = 1,2.  (4.21)
Lemma 4.3. Under the hypotheses of Lemma 4.1 we have
IS
(
Ei1,E
s
2
)= IS(Ei2,Es1). (4.22)
Proof. In view of (2.1) and the bilinearity of IS(·,·), we have
IS
(
Et1,E
t
2
)= IS(Ei1,Ei2)+ IS(Ei1,Es2)+ IS(Es1,Ei2)+ IS(Es1,Es2). (4.23)
For the boundary conditions (2.8) and (2.9) it is clear that
IS
(
Et1,E
t
2
)= 0. (4.24)
For the transmission conditions (2.10) and (2.11) we have
IS
(
Et1,E
t
2
)= ε−
ε
(
γ
γ−
)2
IS
(
E−1 ,E
−
2
)
. (4.25)
Now, applying in Ω− the vector second Green’s theorem for the first integral and the
Gauss’ theorem for the second integral of IS(·,·) and taking into account that both E−1 ,E−2
are solutions of (2.6) in Ω−, we conclude to (4.24). On the other hand, since the incident
plane waves Ei1,E
i
2 are solutions of (2.6) without singularities in Ω−, working as before,
we take
IS
(
Ei1,E
i
2
)= 0. (4.26)
Consequently, due to (4.10), (4.24) and (4.26), the relation (4.23) becomes
IS
(
Ei1,E
s
2
)= −IS(Es1,Ei2)= IS(Ei2,Es1), (4.27)
which completes the proof of lemma. 
Let us note that all the previous lemmas are valid independently of the boundary con-
ditions that are imposed on the surface of the scatterer Ω−. A simple consequence of
Lemmas 4.2 and 4.3 and the relation (4.1) is the known reciprocity principle [15] for chiral
media.
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true:
1
γ 2L
pL2 · geL1(−dˆL2) +
1
γ 2R
pR2 · geR1(−dˆR2)
= 1
γ 2L
pL1 · geL2(−dˆL1) +
1
γ 2R
pR1 · geR2(−dˆR1). (4.28)
Applying Lemmas 4.2 and 4.3 for either LCP or RCP incidence and taking into account
Remark 4.1 we obtain the following more specific reciprocity relations.
Corollary 4.1. Under the hypotheses of Lemma 4.1 the following reciprocity relations are
valid:
– If both Ei1 and Ei2 are LCP or RCP incident plane electric waves, then
pA2 · geA(−dˆA2; dˆA1,pA1) = pA1 · geA(−dˆA1; dˆA2,pA2), A = L,R. (4.29)
– If Ei1 is an LCP and Ei2 is an RCP incident plane electric wave, then
1
γ 2L
pL1 · geL(−dˆL1; dˆR2,pR2) =
1
γ 2R
pR2 · geR(−dˆR2; dˆL1,pL1). (4.30)
Now, we prove a “general scattering theorem” which is a connection of the electric far
field patterns for two LCP and two RCP directions and an integral over directions of both
LCP and RCP electric far field patterns. This provides a generalization to chiral materials
of results obtained in [7] for achiral materials.
Theorem 4.2. Under the hypotheses of Lemma 4.1 and the assumption that the boundary
condition (2.8) or the transmission conditions (2.10), (2.11) are satisfied on S, the follow-
ing relation is valid:
1
γ 2L
[
pL1 · geL2(dˆL1) + pL2 · geL1(dˆL2)
]+ 1
γ 2R
[
pR1 · geR2(dˆR1) + pR2 · geR1(dˆR2)
]
= − 1
2π
∫
S2
[
1
γ 2L
geL1(rˆ) · geL2(rˆ) +
1
γ 2R
geR1(rˆ) · geR2(rˆ)
]
ds(rˆ). (4.31)
Proof. As in Lemma 4.3 we have the analysis
IS
(
Et1,E
t
2
)= IS(Ei1,Ei2)+ IS(Ei1,Es2)+ IS(Es1,Ei2)+ IS(Es1,Es2). (4.32)
For the boundary condition (2.8) and transmission conditions (2.10), (2.11) again we have
IS
(
Et1,E
t
2
)= 0. (4.33)
Also, for the incident plane waves Ei1 and E
i
2, as in Lemma 4.3, it is valid( )IS Ei1,E
i
2 = 0. (4.34)
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IS
(
EiL(·; dˆL1,pL1),Es2
)+ IS(EiR(·; dˆR1,pR1),Es2)+ IS(Es1,EiL(·; dˆL2,pL2))
+ IS
(
Es1,E
i
R(·; dˆR2,pR2)
)
= −IS
(
Es1,E
s
2
)
. (4.35)
Inserting (4.11) and (4.17), (4.18) for A = L,R, into (4.35), the relation (4.31) is de-
rived. 
For the impedance boundary condition the following general scattering theorem is valid.
Theorem 4.3. Under the hypotheses of Lemma 4.1 and the assumption that the impedance
boundary condition (2.9) is satisfied on S, the following relation holds true:
1
γ 2L
[
pL1 · geL2(dˆL1) + pL2 · geL1(dˆL2)
]+ 1
γ 2R
[
pR1 · geR2(dˆR1) + pR2 · geR1(dˆR2)
]
= − 1
2π
∫
S2
[
1
γ 2L
geL1(rˆ) · geL2(rˆ) +
1
γ 2R
geR1(rˆ) · geR2(rˆ)
]
ds(rˆ)
− 1
2π
∫
S
Re(zs)
|zs |2
(
nˆ × Et2(r′)
) · (nˆ × Et1(r′))ds(r′). (4.36)
Proof. As in the proof of Theorem 4.2, we use the analysis (4.32). In view of the im-
pedance boundary condition (2.9) we have
IS
(
Et1,E
t
2
)= −2iγ 2
κ
∫
S
Re(zs)
|zs |2
(
nˆ × Et2(r′)
) · (nˆ × Et1(r′))ds(r′). (4.37)
We replace (4.33) by (4.37) and the theorem is proved. 
Now, we consider either LCP or RCP incidence. In this case we will use the notation
IS2(aˆ1,b1; aˆ2,b2) =
∫
S2
[
1
γ 2L
geL(rˆ; aˆ1,b1) · geL(rˆ; aˆ2,b2)
+ 1
γ 2R
geR(rˆ; aˆ1,b1) · geR(rˆ; aˆ2,b2)
]
ds(rˆ), (4.38)
where aˆj , j = 1,2, represent the propagation vectors of Eij and bj , j = 1,2, their polar-
izations. Then from Theorems 4.2 and 4.3 the following general scattering relations are
derived.Corollary 4.2. Under the hypotheses of Theorem 4.2 we have:
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we have
1
γ 2A
[
pA1 · geA(dˆA1; dˆA2,pA2) + pA2 · geA(dˆA2; dˆA1,pA1)
]
= − 1
2π
IS2(dˆA1,pA1; dˆA2,pA2). (4.39)
– If Ei1 is an LCP and Ei2 is an RCP incident plane electric wave, then
1
γ 2L
pL1 · geL(dˆL1; dˆR2,pR2) +
1
γ 2R
pR2 · geR(dˆR2; dˆL1,pL1)
= − 1
2π
IS2(dˆL1,pL1; dˆR2,pR2). (4.40)
Corollary 4.3. Under the hypotheses of Theorem 4.3 we have:
– If both Ei1 and Ei2 are LCP or RCP incident plane electric waves, then
1
γ 2A
[
pA1 · geA(dˆA1; dˆA2,pA2) + pA2 · geA(dˆA2; dˆA1,pA1)
]
= − 1
2π
IS2(dˆA1,pA1; dˆA2,pA2)
− 1
2π
∫
S
Re(zs)
|zs |2
(
nˆ × Et1(r′)
) · (nˆ × Et2(r′))ds(r′). (4.41)
– If Ei1 is an LCP and Ei2 is an RCP incident plane electric wave, then
1
γ 2L
pL1 · geL(dˆL1; dˆR2,pR2) +
1
γ 2R
pR2 · geR(dˆR2; dˆL1,pL1)
= − 1
2π
IS2(dˆL1,pL1; dˆR2,pR2)
− 1
2π
∫
S
Re(zs)
|zs |2
(
nˆ × Et1(r′)
) · (nˆ × Et2(r′))ds(r′). (4.42)
5. Cross sections
We now consider either an LCP or an RCP plane electric wave EiA(r; dˆA,pA), A =
L,R, incident upon the scatterer Ω−. The scattering cross section σ sA expresses the scat-
tered power and is defined by [15, p. 481]
s 2
√
µ sσA = |pA|2√ε 〈P 〉, (5.1)
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〈P s〉 = 1
2
Re
∫
S
nˆ · (Es × Hs) ds (5.2)
is the time-averaged scattered power [15, p. 194]. Taking into account that Es ,Hs satisfy
(2.3), after some calculations, we find
σ sA = −
κ
γ 2|pA|2 Im
∫
S
(nˆ × Es) · (∇ × Es − βγ 2Es) ds. (5.3)
As in Lemma 4.1, we consider a sphere Sr centered at the origin with radius r  1. Ap-
plying Gauss’ theorem in the region between S and Sr we take
σ sA = −
κ
γ 2|pA|2 Im
∫
Sr
(nˆ × Es) · (∇ × Es − βγ 2Es) ds. (5.4)
For r → ∞ we can use the asymptotic form (3.6) and obtain
σ sA =
1
|pA|
∫
S2
[
1
γ 2L
∣∣geL(rˆ; dˆA,pA)∣∣2 + 1
γ 2R
∣∣geR(rˆ; dˆA,pA)∣∣2
]
ds(rˆ). (5.5)
The absorption cross section σaA defines the total energy absorbed by a lossy scatterer
and is given by
σaA =
2√µ
|pA|2√ε 〈P
a〉, (5.6)
where
〈Pa〉 = −1
2
Re
∫
S
nˆ · (Et × Ht ) ds (5.7)
is the time-average absorbed power. As in the scattering cross section, we find
σaA =
κ
γ 2|pA|2 Im
∫
S
(nˆ × Et ) · (∇ × Et − βγ 2Et ) ds. (5.8)
The extinction cross section σeA is given by
σ eA = σ sA + σaA (5.9)
and describes the total energy that the scatterer extracts from the incident wave either by
radiation or by absorption.
For a perfect conductor it is clear that σaA = 0. Also, for a dielectric, inserting the trans-
mission conditions (2.10) and (2.11) into (5.8) and applying the divergence theorem in the
region Ω− we take σaA = 0. In the case of an impedance boundary condition the surface of
the scatterer absorbs energy. Inserting the boundary condition (2.9) into (5.8) we conclude
that
σaA =
1
2
∫ Re(zs)
2 |nˆ × Et |2 ds. (5.10)|pA|
S
|zs |
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Theorem 5.1. If EiA(r; dˆA,pA), A = L,R, is a plane electric wave incident upon a perfect
conductor or a dielectric, then
σ sA = −
4π
γ 2A|pA|2
Re
{
pA · geA(dˆA; dˆA,pA)
}
. (5.11)
Proof. Applying (4.39) for dˆA1 = dˆA2 = dˆA and pA1 = pA2 = pA and taking into account
the formula (5.5) the theorem is proved. 
Theorem 5.2. If EiA(r; dˆA,pA), A = L,R, is a plane electric wave incident upon a scat-
terer with an impedance boundary condition, then
σ eA = −
4π
γ 2A|pA|2
Re
{
pA · geA(dˆA; dˆA,pA)
}
. (5.12)
Proof. The relation (4.41) for dˆA1 = dˆA2 = dˆA and pA1 = pA2 = pA with (5.9) and (5.10)
prove the theorem. 
6. Reduction to achiral case
When the scatterer lies in an achiral environment, i.e., β = 0 in Ω , then we have γL =
γR = γ = κ and the covering equations (2.3), (2.4) become
∇ × Et = iωµHt , ∇ × Ht = −iωεEt in Ω (6.1)
where now κ = ω√εµ is a wavenumber. The asymptotic relation (3.6) takes the form
Es(r) = h(κr)[geL(rˆ) + geR(rˆ)]+ O
(
1
r2
)
, r → ∞. (6.2)
In (6.2), by definition, geL +geR is the electric far field pattern for electromagnetic scattering
in an achiral environment [7]. In fact, from (3.7) and (3.8) for β = 0 we have
geL(rˆ) + geR(rˆ) =
iκ
4π
(I˜ − rˆrˆ)
·
∫
S
[
nˆ × ∇ × Es(r′) + iκ rˆ × (nˆ × Es(rˆ′))]e−iκ rˆ·r′ ds(r′). (6.3)
The right-hand side of (6.3) is the achiral electric far field pattern ge [7, p. 59]. Hence
geL(rˆ) + geR(rˆ) = ge(rˆ). (6.4)
Similarly, for the achiral magnetic far field pattern gm we havegmL(rˆ) + gmR(rˆ) = gm(rˆ). (6.5)
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geL(rˆ) − geR(rˆ) = iηgm(rˆ), gmL(rˆ) − gmR(rˆ) =
1
iη
ge(rˆ). (6.6)
From (3.9), (3.33), (3.36), (3.37), (6.4) and (6.5) we take the well-known relations [4,7]
rˆ · ge(rˆ) = rˆ · gm(rˆ) = 0, (6.7)
rˆ × ge(rˆ) = ηgm(rˆ), rˆ × gm(rˆ) = −1
η
ge(rˆ). (6.8)
When β = 0, the incident electric waves are Eij (r) = Ei (r; dˆj ,pj ), j = 1,2, where pj =
pLj = pRj and dˆj = dˆLj = dˆRj . Theorem 4.1 becomes
p2 · ge(−dˆ2; dˆ1,p1) = p1 · ge(−dˆ1; dˆ2,p2), (6.9)
which is the known reciprocity principle for achiral electromagnetic scattering [4,7]. Sim-
ilarly, Theorem 4.2 becomes
p1 · ge(dˆ1; dˆ2,p2) + p2 · ge(dˆ2; dˆ1,p1)
= −1
2π
∫
S2
ge(rˆ; dˆ1,p1) · ge(rˆ; dˆ2,p2) ds(rˆ), (6.10)
which is the general scattering theorem for electromagnetic scattering in an achiral medium
[2,7].
7. Conclusion
We have considered the scattering of electromagnetic waves in a chiral medium by var-
ious kind of scatterers. Using the integral representation for the scattered electric field in
accordance with the Huygens’s principle for chiral media we have constructed the electric
far field patterns and applying the optical theorem we have evaluated the corresponding
scattering cross sections for LCP or RCP incidence. We note that the far field patterns
are the most important functions in scattering theory and they play a significant role in
solving inverse scattering problems. The main results of this work are the general scatter-
ing theorems which are generalizations of the corresponding theorems for achiral media
[1,2,7,17,18]. These theorems are very useful in scattering theory.
We refer to some known applications for achiral cases which we think that can be ex-
tended to chiral cases. For scatterers with inversion symmetry, that is, scatterers for which
r ∈ S implies −r ∈ S, general scattering theorems are used in low frequency theory to
approximate the far field patterns [7, p. 87]. Another application is in the study of the far
field operator which plays a central role in the dual space method for solving inverse elec-
tromagnetic scattering problems [2], [4, p. 275]. In particular, assuming that the incident
waves in the general scattering theorem are Herglotz functions we conclude that the far
field operator has a countable number of eigenvalues which lie on a suitable circle. As
C. Athanasiadis / J. Math. Anal. Appl. 309 (2005) 517–533 533we have also seen, the optical theorem is a corollary of the general scattering theorem for
appropriate directions of incidence and polarizations.
Finally, we note that the results obtained were checked against known results by reduc-
ing the chiral problem to the achiral one as the chirality measure becomes zero.
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